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Abstract 



As a continuation to [20] , where the Harnack inequality and the strong Feller prop- 
^ | erty are studied for a class of stochastic generalized porous media equations, this pa- 

per presents analogous results for stochastic fast-diffusion equations. Since the fast- 
diffusion equation possesses weaker dissipativity than the porous medium one does, 
some technical difficulties appear in the study. As a compensation to the weaker dissi- 
pativity condition, a Sobolev-Nash inequality is assumed for the underlying self-adjoint 
operator in applications. Some concrete examples are constructed to illustrate the main 
results. 



1 Introduction 

Recently, the dimension-free Harnack inequality introduced in (18] was established in [20] 
for a class of stochastic generalized porous media equations. As applications, the strong 
Feller property, estimates of the transition density and some contractivity properties were 
obtained for the associated Markov semigroup. The approach used in [20] is based on a 
coupling argument developed in [I], where Harnack inequalities are studied for diffusion 
semigroups on Riemannian manifolds with unbounded below curvatures. The advantage of 
this approach is that it avoids the assumption on curvature lower bounds used in previous 
articles (see 0, El E, ESI HE]), which is very hard to verify in the framework of non-linear 
SPDEs. The main aim of this paper is to apply this method to stochastic generalized fast- 
diffusion equations studied in [P 
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Let (E,A4,m) be a separable probability space and (L, X>(L)) a negative definite self- 
adjoint linear operator on L 2 (m) having discrete spectrum. Let 

(0 <)Ai < A 2 < ••• 

be all eigenvalues of — L with unit eigenf unctions {ej}j>i. 

Next, let H be the completion of L 2 (m) under the inner product 

OO j 

(x,y) H :=y2—(x,ei)(y,ei), 

where and in what follows, (•, •) is the inner product in L 2 (m). Let Lhs denote the space of 
all Hilbert-Schmidt operators from L 2 (m) to H . Let Wt be the cylindrical Brownian motion 
on L 2 (m) w.r.t. a complete filtered probability space (fi, JF t ,P); that is, W t = {B % t ei}i>i for 
a sequence of independent one-dimensional jF r Brownian motions {_B|}j>i. 
Let 

$:[0,oo)xlxn^l 
be progressively measurable and continuous in the second variable, and let 

Q : [0, oo) x Q -> 

be progressively measurable such that for all t > 

(1.1) \\Qt\\l HS < Qt, a.s. 

for q t some deterministic local integrable function on [0, +oo). We consider the equation 

(1.2) dX t = {L*(t 7 X t )+>y t X t }dt + Q t dW t , 

where 7 : [0, 00) — > R is locally bounded and measurable. In particular, if 7 = 0, Q = 
and ^(t, s) = s r := |s| r_1 s for some r G (0, 1), then (11.21) reduces back to the classical fast- 
diffusion equation (see e.g. j5]). For more general stochastic evolution equations in Hilbert 
space we refer to [H [121 ESI EH] an d the references within. 

In general, for a fixed number r G (0,1), we assume that there exist locally bounded 
positive measurable functions S, 77 : [0, 00) — > R + such that 



;i.3) 



\^(t,s)\ < r) t (l+ \s\ r ), seR,t>0, 

2(V(t,8 1 )-V(t,8 2 ))( 8l -8 2 ) > 5 t \ Sl -s 2 \ 2 (\ Sl \ V \s 2 \) r -\ si,s 2 G R,t > 0, 



where 5 satisfies inf S t > for any T > 0. Due to the mean-valued theorem and the fact 

te[o,T] 

that r < 1, one has (si — s 2 )(s[ — s 2 ) > r\sj — s 2 | 2 (|si| V |s 2 |) T *~ 1 . So, a simple example for 
(Oj) is that $(t, s) = j^s r with r/ 4 = §. 

According to Theorem 3.9], for any x G H the equation (11.21) has a unique solution 
X t (x) with Xq(x) = x, which is a continuous adapted process on H satisfying 

E sup ||X t (a:)||H < 00, T > 0. 

te[o,T\ 



We intend to establish Harnack inequalities for 



P t F:=EF(X t ), FeWl b (H), t > 0, 

where fJJlb(H) is the class of bounded measurable functions on H. Since the dissipativity 
condition (11.31) is essentially weaker than the corresponding one satisfied by the porous 
medium situation where r > 1, the method and results in [20] do not apply automatically 
in the present case. 

As in [20], we assume that Qt(u) is non-degenerate for t > and w G fi; that is, 
Q t {uj)x = implies x — 0. Let 



\ x \\Qt 



\y\\ 2 , if y E L 2 (m),Q t y = x, 
oo, otherwise. 



Theorem 1.1. Assume (II. ip and (11. with r G (0, 1). If there exist a constant a > and 
a strictly positive function £ G C([0, oo)) such that 



;i-4) 



i'INI^ >&IMIo t , XG17 +I (m), ^>0 



/ioWs on then for any T > 0, P T is strong Feller and for any positive F G DJlb(H), p > 1 
and x,y G H , 



(P T Ff(y) 
P t Fp(x) 



< exp 



P 



t dt + A T r+||:r||!+||j/||! 



;i.5) 



+ A 2 



^ /a + 2\ CT +! 



[2p(p + 1)] CT / 2 



a r \\ X VWh 



holds for 
Ay 



2 te[o,T] 



r + 2 r+i I 

r Vt r o t r , g t 



Remark. (1) The right hand side of (II. 5p comes from our argument and calculations, 
in particular the coupling method modified from [20] where the case r > 1 was studied. 
Comparing with known Gaussian type bounds in finite-dimensions, the first two terms in 
the exponential are natural. The third term of \\x — for a > 4/(r + 1) seems more 
technical, which appears when we handle the exponential moment of an additional term in 
the coupling by using the dissipasitivity of the drift L\l/. It is not clear whether this term is 
exact or not, but since a > 2 it does not destroy the short distance (or short time) behaviors 
of the heat kernel. On the other hand, due to the weaker dissipasitivity of the drift, it is 
reasonable for the semigroup to have worse long time behaviors. 

(2) Harnack inequalities of type (11.51) has many applications. For instance, for diffusions 
on manifolds it has been applied to study the heat kernel estimate (cf. [ID]), log-Sobolev 
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inequalities and contractivities of the semigroup (cf. [HI [TJ [15]), and entropy-transportation 
inequalities (cf. [7]). In the symmetric case it was also applied to the study of transition 
probability kernels for infinite-dimensional diffusions (cf. [HE]). Here, due to the weaker 
dissipasitivity of the drift and the non-symmetry of the semigroup, we are not be able to 
derive stronger properties like hypercontractivity, which fails even in finite-dimensions e.g. 
the semigroup generated by A — V| • | r+1 on M. d for r < 1, which is included in our model when 
E contains finite many elements. Thus, below we only present an application to moment 
estimates on heat kernels. To this end, we consider the following time-homogenous case. 



C H is compact. Let 



Theorem 1.2. Assume (li.ip . f 1 1 . 3§ and that the embedding L r+1 (m) 
7 < be constant and be deterministic and time-independent. 

(1) The Markov semigroup Pt has a unique invariant probability measure fi and 

Me' 



= <>H 



ir+l 



■ ||r+i) < oo for some e > 0. If ^ < then /i(e £(, "'"») < oo for some e > 0. 
(2) If l \1.4\) holds for some constant £ > 0, then ji has full support on H and for any 
x G H , T > and p > 1, the transition density px(x,y) of Pt w.r.t fi satisfies 



4(p 



29T + \ T T + \\x\\ 2 H 



^[{a + 2)g t fdt 
2^/(T + 2\^+i2f- 2 [p(2p 



- A 



Vlllr 



Ml 



(7 



1)] 



cr/2 



(p 



lodtdt 



IX 



y\\n 



-<j>-i)/ P 



where 



. e -( 2 7+2 ? +i)T e = q + 2 1 



V 



gt = m 



The above two theorems will be proved in the next section by modifying the argument 
in [20] . To apply Theorems 11.11 and 11.21 one has to verify ( 11.41) and the compactness of 
the embedding L r+1 (m) C H. Since r < 1 so that the norm in L r+1 (m), which is induced 
by the first drift term in (11.21) . is normally incomparable with that in H, for (11.41) and the 
compactness of the embedding we shall need a Nash (or Sobolev) inequality. Along this line, 
explicit sufficient conditions for the main results to hold, as well as concrete examples, are 
presented in Section 3. 



2 Proofs of Theorems 1.1 and 1.2 



2.1 Proof of Theorem [TTT1 



As explained in [20J, to prove the Harnack inequality for P t , it suffices to construct a coupling 
(X t ,Y t ), which is a continuous adapted process on H x H such that 
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(i) X t solves (JO!) with X = x; 

(ii) Y t solves the equation 

dY t = {LV(t, Y t ) + y t Y t }dt + Q t dW t , Y = y 

for a cylindrical Brownian motion W t on L 2 (m) under a weighted probability measure BP, 
where W t as well as the density R will be constructed later on by a Girsanov transformation; 

(iii) X T = Yr, a.s. 

As soon as (iWiii) are satisfied, then 



(2.1) 



P T F{y) = ERF(Y T ) = ERF(X T ) 

< (E J R p/(p - 1) ) (p ~ 1)/p (EF(X T ) p ) 1/p 
= (Ei? p/(p - 1) ) (p - 1)/p (P r F p (x)) 1/p 



which implies the desired Harnack inequality provided Ei? p ^ p ^ < oo. 

To realize the above idea, for e > and (3 G C([0, oo); R + ), let F t solve the equation 



(2.2) 



dY t = {L*(t,Y t ) + 7t y f + 



Pt{X t - Y) 



l {t<T} }dt + Q t dW t , Y c 



o = y, 



where X t := X t (x) and r := inf{t > : X t = Y t } is the coupling time. 

According to [TH Theorem 3.9], we can prove that ( 12. 2ft also has a unique strong solution 
Yt{y) by using the same argument as in [201 Theorem A. 2]. Hence, we have X t = Y t for t > r 
by the pathwise uniqueness of the solution. 

Let 

« := iT\7 ^7777 1 \ 



-{t<r}- 



\X t -Y t \ 
We have 

dF t = (Ltf (t, F t ) + 7t y t )d< + Q t (dW t + Ctdt), F = y. 

According to the Girsanov theorem, Wt '■= Wt + J^Csds is a cylindrical Brownian motion 
under RP, where 

(2.3) R:=exp\- [ (CtAWt) ~\ I \\Ct\\\dt 



So, to verify (ii) and (iii), we need to find out e > and j3 such that 



fa) r < T a.s.; 



(b)Eexp Aj^HCtllldf 



< oo, A > 0. 



[2A) 



By ( 11. 31) and the Ito formula (see [TU Theorem A.2]), 

d||A t - y t ||^ < { - 5 t m(\X t - Y t \ 2 (\X t \ V \Y t \) r ~ l ) 

+ 2 7t ||X t - Y t \\ 2 H - 2Pt\\X t - Y t \\ 2 H £ l {t<T} }dt. 
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This implies 



(2.5) 



d{\\X t -Y t \\ 2 H e~ 2 ^^ ds ] 



< - e - 2 ti^ ds {5M\Xt ~ Y t \ 2 (\X t \ V \Yt\Y~ 1 ) + 2fr\\X t - Y t \\ 2 H £ l {t<r} }dt. 

Lemma 2.1. If (3 satisfies J Q T (3 t e~ e io' 7sds d£ > ^\\x — y\\ e H , then X T = Y T a.s. 
Proof. By (£3D and we have 

-d{\\X t - Y t \\ 2 H e- 2 ti^ ds } £/2 < -p t e- £ f°^ ds dt, t < r A T. 



If T < r(u;) for some lu, then 



||X r H - Y T (uW H e~ £ fo^s _ | )x _ y ^ < _ £ [ T p t e-cfo^ d t < -\\x - j/Hf,. 

./o 

This implies _Xr(a;) = lr(u;), which is contradictory to T < r(o;). 



□ 



From now on, we take e = -ttt and 



A = c(e<5i6) 1/<T 



e ct + 2 



! /oT» ds c 



eff(eS t ^e-I ^dt 



so that (a) holds according to Lemma 2.1. Let / 4 := ( m[(|X t | V |y |) r+ 
Holder inequality and (11.41) we obtain 



l-r 
1 + r 



. By (ESD, the 



d{\\X t - Y t \\ 2 H e- 2 ^ ds } £ < -e5 t e- 2e ^ ds \\X t - Y t \\f- 1] m(\X t - Y t \ 2 (\X t \ V I^D^^dt 



< _ £6t e^So^\\ Xt -Y t \\f 



-i) \\Xt-Y t \\ 



r+l 



m[(|X t | v |y t |) 



r+l' 



l-r 
1 + r 



dt 



ll^-^lir 2 "/ 

^ II** -W/* 
/TO-^IIS, 



-dt. 



^||x t -y t ||^/ t 

Combining this with the Holder inequality and the fact that 



sup{a ° b° — a} 

a>0 



a 



a 



a 



a 



b<b, b>0 
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implies a" ° < a + b, a, b > 0, we arrive at 



t\\jdt 



t pa 



mxt-n 



Qi 



\Xt-Y t \\ 2 * 
2 rTff\\X t -Y t \\° Qt 



dt 



(2.6) 



fr 2 dt 

2 



\\Xt-Y t \\%ft 



dt 



-{J fr ' 2dt ) ° {fWt-v^x, 

<A [ T fr 2 dt + \^/ 2 c°\\x-y\\H, A>0. 
Jo 

Since a > t^- implies -At < j^-, we have 

2 2(l-r) 

fr 2 < m(l + |Xt| r+1 V |F 4 | r+1 ) < m (i + \x t \ r+l V |F t | r+1 ). 



Thus, 



(2.7) 



Eexp 



7' 



a / fr 2 dt 



< Eexp 



a / (i + \\x t \\ r r Xl + \\Y t \\;xi)dt 



|r+l^ 



A > 0. 



Therefore, to verify (b) we need to prove that J T (||X t || r 
integrable. This follows from the following Lemma. 



r+l 



tllr+})dt is exponentially 



Lemma 2.2. We have 



(2.8) 



(2.9) 



Eexp 
Eexp 



Ay 

T 



\Xt\\ r rX\ dt 



< exp 



e t dt + \\x\\ 2 H 



< exp 



WYtlXlM 

dtdt + \\y\\ 2 H + \\x - y\\f~ £) I fie-^fo^dt 



where X T = hexpl- L (2>y s + 2q s + l)ds] inf 5 t . 

2 JU te{o,T\ 

Proof. Since assumption ( 11.3[) implies 



-2(^,X t ),X t ) = -2(V(t,X t ) - f(t,0),X t -0) - 2*(t,0)m(X t ) 
<-5 t ||X t ||^ + 2r ?t ||X t || r+1 , 

by the Ito formula we obtain 

d||X t ||^ < { - 6 t \\X t \\ r r Xl + 2^||X t || r+1 + 2 lt \\X t \\ 2 H + % }dt + 2(X t , Q t dW t ) 

(2 ' 10) < {ft - S j\\X t \\ r r Xl + 2it\\X t \\ 2 H }dt + 2(X t , Q t dW t ). 



• 2 r + 1 _1 

Recall that 9 t = q t + 2~T) t r S t r and q t > sup ||Qt||| HS . This implies 
d{e-^+ 2 ^ ds ||X t ||^} 

< e -/o(27 S +2 9s )d s |^ _ ^||x t ||;+J - 2q t \\X t \\l}dt + 2e-^' + ^{X t ,Q t dWt). 



Hence, 



^ Jo 



< / 9 t dt+\\x\\ 2 H + M T - [ T 2q t e-^+^\\X t \\ 2 H dt 



where 5 ,t := inf 5 t and M T = 2 C e~ fo( 2 ^+ 2 ^ ds (X t , Q t dW t ). It is easy to check from 



te[o,T 



(EHQD and (O) that M t is a martingale. Taking A T = ^fe'^o (^+2q s +i)ds^ we b tain 



Eexp 
< exp 



At ll^H^dt 



# 4 dt + llx 



Eexp 



M 7 



2g t e-^+ 2 ^||X t || 2 Y dt 



Since (M) t < / T 4g t e" -/o ( 2 t s +2g s )d« j | ^ 1 1 and Eexp [ Mt _ l(M) t ] = 1, we obtain 



Eexp 



T 



M T - \ 2q t e-^ +2 ^ As \\X t \\ 2 H dt 



< 1. 



Thus, (E3D holds. 



Similarly, since (ED implies ||X t -F t ||^ < e 2 io ^ sds \\x-y\\ 2 H , by (E2D and the Ito formula 



we have 



d{e-^ +2 ^ ds \\Y t \\ 2 H ) 

6; ' 



< e -/o(2 7i> +2g s +l)d8 



^-^r*K-(2ft + l)IWIlr 



+2\\Y t \\ H (3 t \\X t -Y t r H - e l {t<T} 

5. 



dt + dMf 



Ot - ^\\Y t \\Zi - 2q t \\Y t \\H + #||*t " ^Il2 1-£) l{t<r} 

- |ny;iisi - 2 ft ||y t ||^ + py^^ ds \\x - y \\f- £) 



< e -/ ( 2 7 s +2g s +l)ds 

< e -/o(2 7s +2g s +l)ds 

where M/ := / 2e~ ■fo( 2 ^+ 2 ^+ 1 ) du (Y s , B s dW s ) is a martingale. This implies 



dt + dMf 



dt + dM 



t! 



5 0>T - fj(2 7s +2q s + l)ds 



r+1 
*llr+l 



dt 



< 



gl-., 



•/ o 

+ M' T - [ 2q t e-^ +2q ° +l)ds \\Y t \\ 2 H dt. 
Jo 



Therefore, taking A T = ^°f e ~ ( 2 ^+ 2 i-+ 1 ) ds and noting that 

(M')t< / Aq t e~^ +2qs+1)ds \\Y t \\ 2 H dt, 
Jo 

we obtain (TO) . 

Now, combining (12.1 p and (12.31) we obtain 



P t Fp(x) ~ V 



(2-11) 



Eexp 
< jEexp 
Eexp 
Eexp 




(Ct,dW t ) 



P 



2(p-l) 



(Ct,dWi)- 
P- 1 Jo 

gp(gp - p + 1) /" T 
2( g -l)(p-l) 2 7 
gp(gp - p + 1) 



g 2 p 2 



2(p-i) 2 y 

(g-i)(p 

2 



*ll2 dt 



2 dt 



p-1 



£-1 



* II 2 



t\\2 



dt 



WCtWldt 



(g-l)(p-l) 



g > 1. 



Moreover, letting A — AT ^ g ^ 



L2(g-l)(p-l) 2 7 

q- p+i) > by (12.61) . (12.71) and Lemma 2.2 we obtain that 



Eexp 



gp(gp - p + 1) 



< Eexp 



2(g-l)(p-l) 2 
Ay 

T 



* 11 2 



2 dt 



(i + IW 



r+l 
r+1 



r+1 )dt 



tllr+1 



(2.12) + 



qp(qp-p+l) /A r (g-l)(p-l) 



2, 2^ 



2(g — l)(p — l) 2 V pq(pq — p + 1) 



< 



cxp 



- 2 / 0,di + A r T+ lid 



c x 



+ 



gp(gp-p+l) (\ T (q - l)(p- 1) 2 \^ ff 



2(g — l)(p — l) 2 V pq(pq — p+1) 
Combing this with (12.111) and simply letting q = 2, we obtain 



v\\ 2 h 






-y\\f~ 


■/o 


2 


X 


-2/11 



(2-13) 



(^(?/)) p 
P t Fp(x) 



< 



exp 



p — 1 
4 



ftdt + A T T + IIxI 



H 



\X 



\f~ c) 



2 4- 

2 . 2-tr 



# e -*j?^ + 6 p+ ]U Xt J p :11 )^c°\\x - y\\ 



2(p-l)V 2(p+l) J 
Then the desired result (11.51) follows by using the definition of j3 t and c. 
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Finally, since 

\P T F(y) - P T F(x)\ = \E(R-1)F(X T )\ < {{F^R - 1|, 

and since due to 02. 11 j) R is uniformly integrable for ||x — y\\n < 1, by the dominated 
convergence theorem we obtain 

lim \P T F(y) - P T F(x)\ < \\F\\ 00 ]im.E\R - 1| = IIFILE lim \R- 1| = 

y— *x y^x y—*x 

for any bounded measurable function F on H, where the last equality follows from 

lim R = 1 due to (12.61) . So, Pt is strong Feller. Now the proof is complete. □ 

y^x 

2.2 Proof of Theorem Q 

Since the embedding Z/ +1 (m) G H is compact, the existence and uniqueness of the invariant 
measure fi follow from b) of §4 in [8] for m(| • | r+1 ) in place of m(| • | 2 ). So, for (1) it suffices 
to prove the desired concentration property. By (II. 3p we have 

d\\X t \\ 2 H < (c-9\\X t \\lXl + 27\\X t \\l)dt + 2{X t ,QdWt) 
< (c-9\\X t \\ r r ll)dt + 2(X t ,QdW t ), 

where c, 9 > are two constants. Then, by a standard argument as in [2U] we obtain 

Mil ■ llffl) < oo. 
If 7 < and Eq is small enough, then the Ito formula implies 

de«°«*H- < (c - 9\\X t \\ r r Xl + 2 7 ||X,||i + £ ^ q \\X t \\ 2 H y o e^ x ^dt + dM t 

< (ci - 9 ie £allXt ^)dt + dM t 

for some constants c\,9\ > and local martingale M t := 2eq J * e e °" Xs "«"(X s , QdW^}. This 
implies 

^(e^lHllr) = L / Ee-oll^CQ)!^^ < ci 

for /i„ := i J n (<5 Pj)dt. Since /i is the weak limit of a subsequence of /i n (see the proof of 
[T4"l Proposition 2.2]), we obtain /i(e eo "'"ff) < oo. Similarly, /i(e £0 ""» + ) < oo holds for 7 = 0. 

Finally, the full support of \x and the L p -estimate of the transition density follows from 
the Harnack inequality (II. 5p by repeating the proof of Theorem 1.2 (1) and (2) in [20]. □ 

3 Explicit sufficient conditions and Examples 

To provide explicit sufficient conditions for (II. 4p . we need the following Nash inequality: 
(3.1) ||/||2 +4/d < C{f, -Lf), f E V(L), m(|/|) = 1. 
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Lemma 3.1. Let r G (0, 1). Assume that §3J$i holds for some d G (0, and -{-L) l / n 

is a Dirichlet operator for some n > 1. Then the embedding L r+1 (m) C H is compact. In 
particular, 

\\x\\ H := (x, (-L)~ l x) 1/2 < c\\x\\ r+ i, x G L r+1 (m) 

holds for some c > 0. 

Proof. Take e G (0,1) such that d e := d/e G (d, 2 ^), and let L e := -(-L) £ . By 
Theorem 1.3] and (IO) . 

\\f\\l +4/dE < C{f,-L e f), f G V{L e ), m(|/|) = 1 
holds for some constant C" > 0. By this and again [6] Theorem 1.3] and (13. ip . we have 

(3.2) H/lir^ < cb(/, (-L«) 1/b />, / G X?((-L e ) lAl ), m(|/|) = 1 

for some Cq > 0. Let T t be the semigroup generated by — (— L £ ) 1//n , which is sub-Markovian 
since — (— L £ ) l l n = —(—L) £ l n is a Dirichlet operator. Then it follows from (13.21) that (see 

W) 

holds for some constant Ci > 0. Since T t is contractive in L x (m) and symmetric in L 2 (m), 
by this and the Riesz-Thorin interpolation theorem we obtain 



(3.3) ||T t ||i^ 2 = UTtHa^oo < c 2 r d ^\ t > 

for some constant c 2 > 0. Moreover, since Ai > so that ||Tt|| 2 ^2 < e" Al * for t > 0, (1331) 
yields 

for some C3 > 0. By this and the Riesz-Thorin interpolation theorem we conclude that for 
any 1 < p < q, 

\\T t \\ p -> q < < C4 [r^/ 2 e- A ^/ 2 ]^, t > 

holds for some constant C4 > 0. Therefore, 



'■00 



poo 

C Ptq := / ||T t || p ^ 9 dt < 00 
Jo 

provided — < -j 2 -. Thus, 

||(-L £ )^/n|| < C <OC) 2 

pq d £ n 

Since 4 < ^±^, letting p< := 1 _ 2(i _ 1 r ) (" r 1 +1)/den (1 < i < n + 1), one has 

p i+1 2 . r + 1 r + 1 

p x = r + 1, = — (1 < t < n) and p n+1 = - — > . 

Pi+iPi d e n 1 - 2(r + IJ/4 r 
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So, there exist r + 1 =: p[ < p' 2 < ■ ■ ■ < p' n+1 := ^ such that pt 1 / < 1 < i < n. 
Therefore, 



n 



° 2 ■= \\(- L e) 1 \\r+l^(r+l)/r < JJ \\(-L e ) n \\p'.^p' i+1 < Yl C p' v p' i+1 < °°- 

i=l i=l 

This implies 

(x, {-L e )~ X x) < \\x\\ r +l || (-L e ) _1 2; || ( r +l)/r 

< ll^llr+lll(-^) -1 Hr+l-(r+l)/r = C 2 ||x|| 2 +1 , X G L r+1 (m). 

Then the proof is completed since {x G L 2 (m) : (x, (— L £ )~ l x) < N} is relatively compact 
in H for any TV > 0. □ 

2 

Corollary 3.2. Let Qt&% = qi&i for % > 1 wz't/i a 7 < °°> so *5 ^ s Gilbert- Schmidt 

from L 2 (m) to #. I/e G (0, 1) and L satisfies (TOD for some d G (0, ^3^)> -(-£) 1/n ^ « 
Dirichlet operator for some n> 1 and there exist c > 0, a > such that 



qi > c\ 2<T , i > 1. 
Then the embedding L r+1 (m) C H is compact and (1-4) holds for the same a. 



Proof. By Lemma 13.11 it suffices to verify ( j 1.4ft . By the Holder inequality, 

\cr/2 / JfL l T p .\2 CT _ 2 sa/2 
<2 -2\ ' / \ X 5 e «/ \~3-„-2\ ' 



irfs = (E<*.«.>V)" , = (E^ : ^*i" 

i=l i=l A,- 



oo oo 



(3.4) 



<(E<-.) 2 w)(E^ 

1=1 1=1 * 

OO 

HMiF 2 (E<*> e *> 2A ^r 
i=i 

OO 

<c-iix|ir 2 (E^ e ^ 2 ^ 



2 . gjzj 



i=l 

By (13.11) and P, Theorem 1.3], there exists a constant C s > such that 

||/||2 +4£/d < C £ (/, (-L)V>, / G m(|/|) = 1. 

Applying Lemma 3.1 to — (— L) £ in place of L, there exists a constant c\ > such that 



M| 2 +1 > Cl ||(-L)-/ 2 x|| 2 = Cl E(x,e 4 ) 2 Ar e . 



i=l 



Combining this with (13.4)) . we obtain (11.41) for some constant £ > 0. 

□ 
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Example 3.3. Let Qt&i = q%&i[i > 1), ^(t,x) := |x| r_1 x and jt := c for some constant 
c < 0. Let L := A be the Laplace operator on a bounded domain in R with Dirichlet 
boundary conditions. If r G (|, 1), then all assertions in Theorem 1.1 and 1.2 /ioW provided 
there exist constants c%, c 2 > 0, a < 1 and e G ( 2(i+r) > I+r) snc ^ 

Ci . E (r+l)+l-r < g 2 < ^ . Qj • > L 

Proof. Since Aj > ci 2 for some constant c > 0, by Corollary 3.2 the above conditions imply 
(Q. □ 

Remark : We can also consider the case where L is the Laplace operator on a post critical 
finite self-similar fractal with s > the Hausdorff dimension of the fractal in the effective 
resistance metric. In this case we has Aj > ci( s+1 " s , i > 1 for some c > according to [TT| 
Theorem 2.11]. 

To construct examples for our results on high dimensional spaces, we may e.g. take 
L = — (— A) a for large enough a > 0. More generally, let — Lq be a self-adjoint Dirichlet 
operator on L 2 (m) with discrete spectrum 

(0 <)AS 0) <Af<--- 

and the corresponding unit eigenf unctions {ej}j>i be an ONB on L 2 (m). As in Corollary 
13. 2\ let Qei := for a sequence {qi ^ 0}j>i. Let, for simplicity, j t = — Co and * G C(R) 
satisfy 



1*0)1 < 7^(1 + \s\ r ), set, t > 0, 

2<tt( Sl ) - *(s 2 ), Sl - s 2 ) > 5m(|si - *2| 2 (N V |s 2 |) r - 1 ), si, s 2 6l, t > 



(3.5) 

for some Co > and rj,5 > 0. For any positive constant a, we consider the equation (11.21) for 

00 

L:=-(-L o y = -^(AS 0) r(e,,-)e,. 

i=l 

That is, consider 

(3.6) dX t = -{(-L ) a V(X t ) + c X t }dt + QdW t . 

Proposition 3.4. Let Lq satisfy (Iff, il) with d G (0, 2e j 1 _"^ T "- > ) for some e G (0, 1), and satisfy 
( \3.5\ . If there exists a > 2di+l) suc ^ ^hat 



,2 



(37) EttIu*-. *> 'VP)'***, i>L 

i=i (Aj ) a 

where a > is a constant, then the Markov semigroup of the solution to (Iff. 6j) satisfies all 
assertions in Theorems \l.l\ and \1.S\ for the same a and some £ > 0. 
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Proof. We only need to notice that the eigenvalues of L := —(—Lo) a are 

—A, := -(A- 0) ) a , i>l. 

Obviously, all conditions in Corrollary 13.21 are satisfied for the present situation, hence (11.41) 
holds. □ 

To conclude this paper, we present an example where Lq is the Dirichlet Laplacian on a 
finite volume domain in M. d , so that L can be taken as high order differential operators on a 
domain. 



Example 3.5. In the situation of Proposition 13.41 but simply take qi = i e , i > 1 where 
9 > is a constant. Let Lq := A be the Dirichlet Laplace operator on a domain D C M. d 
with finite volume, and let m be the normalized volume measure on D. By the Sobolev 
inequality we have (see [19j Corollaries 1.1 and 3.1]) 

Af>a 2 / d , i>l 

for some c > 0. If a > t4- and 

— l+r 



9 > max 



a + 2e-2 (a + 2e-2)(l 



4(1 -e) ' 2ae{l + r) 



for some e G (0, 1), then (13. 7p holds for any a G f ^ 2e ^ d y XLz)4_ ; a +2e-2 ' so an asser tions 
in Theorems 11.11 and 11.21 hold for the solution to (13. 6ft according to Proposition 13.41 
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